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|. INTRODUCTION 


1. Preliminary Statement 


Current engineering applications for structural 
and machine design call for increased utilization 
of the materials in order to save in weight and bulk. 
One method successfully used for many years has 
been the employment of members with cross- 
sections in which most of the area is\ concentrated 
near the most-stressed fibers. The common I-beam 
and the many complex-shaped sections used in the 
aircraft industry to increase the strength-weight 
ratio are examples of this method. 

A more recent method which has been used to 
increase the strength-weight ratio considers, in the 
design procedures, the inelastic load-carrying quali- 
ties of the members. 

In this bulletin, load-carrying capacity is con- 
sidered to be the load associated with certain speci- 
fied conditions which are present in the member at 
a given time, such as the load necessary to initiate 
yielding, the load necessary to produce a specified 
depth of yielding, or the load necessary to cause 
collapse of the member. The value usually com- 
puted is that necessary to initiate yielding; hence, 
comparisons will be made between this and the 
value associated with some amount of inelastic ac- 
tion. Significant increases in load-carrying capacity 
ean be obtained when small amounts of inelastic 
action are allowed to occur while at the same time 
the increases in the deformation are not in excess 
of the same order of magnitude as the maximum 
elastic deformation. 

The question of compounding these savings has 
arisen where weight-saving sections have been 
considered for use in situations where inelastic ac- 
tion can be allowed. 

The answer can best be found by means of an 
appropriate analytical and experimental investiga- 
tion of the subject. Thus, the main problem of this 
investigation was to determine the effects of small 
amounts of inelastic deformation on the load- 
carrying capacity of angle- and T-section members 


* Superseripts in parenthesis refer to corresponding entries in the 
references. 


subjected to combinations of axial load and bend- 
ing moment. Examples of such a loading combina- 
tion are numerous in engineering design. Therefore, 
a thorough knowledge of the interaction between 
axial load and bending moment is necessary, espe- 
cially if the loading produces stresses beyond the 
elastic limit of the material. This combined loading 
can be easily accomplished by subjecting the mem- 
ber to an eccentric load. In this manner, all sections 
of the member are subjected to the same axial 
load and to varying amounts of bending moment 
depending on the deflection pattern of the member. 
In other words, the relationship between load and 
moment is not an independent one. However, the 
method of solution in this bulletin is not restricted 
by this fact and independent combinations of load 
and moment should be handled with facility. 

A related problem has also been considered — 
that of the behavior under load of some weight- 
saving sections made from classes of ductile metals 
which before were not considered for many appli- 
cations. For instance, current trends in aircraft 
design demand information regarding the behavior 
of metals which are highly heat-resistant. The 
metals previously used in propeller-driven aircraft 
do not possess properties which fit into the designs 
of propulsion craft. The stainless steels and alloy 
steels have been found to be appropriate metals 
for such applications. Therefore, the inelastic load- 
carrying qualities of members made from several 
different classes of metals have also been investi- 
cated. 

A survey of the literature revealed that the 
interaction curve method of handling combined 
loading of members originated anonymously some- 
time prior to 1937. In that year, Shanley and 
Ryder‘?* described the method quite thoroughly in 
a paper which referred to it as a “stress ratio” 
method. Since that time, much use has been made 
of it in various forms, and it has been applied to 
many various loading combinations.® * ** No 
publications, however, were uncovered in which the 


combination of axial tensile load and _ bending 
moment was considered. Conversely, many investi- 
gators have treated the combination of axial com- 
pressive load and bending moment. Several of these 
have used the interaction method for analyzing 
their results.‘® ” 

Several recent papers have proposed methods of 
solution for the problem of inelastically- and 
eccentrically-loaded columns. Ketter‘) determined 
the combination of load and moment necessary to 
cause collapse of a member subjected to a constant 
load with increasing moment. Jordan“? considered 
the problem of an eccentrically-loaded column sub- 
jected to loads which resulted in small amounts of 
inelastic action. He determined the load-deflection 
curve for the given column from two families of 
curves derived from simple equilibrium conditions 
and assumed stress distributions in the members. 
Jordan’s method proves to be rational, but difficult 
to apply. Shanley“ proposed a_ semi-rational 
method in which he used approximate moment- 
load curves, the ultimate bending moment for the 
section, and the critical buckling load for the 
column centrally loaded. In this bulletin, the inter- 
action curve* method has been employed along 
with appropriate approximations to the moment- 
load curves** for the solution of problems involv- 
ing combinations of axial load (both tensile and 
compressive) and bending moment. 


2. Purpose 


The general purpose of the investigation was to 
determine analytically and experimentally the 
effects of small amounts of inelastic action on the 
load-carrying capacity and deformational behavior 
of members subjected to either eccentric tensile or 
compressive loads. This general statement of pur- 
pose could be broken down as follows: 

1. To derive equations for obtaining moment- 
load interaction curves. 

2. To develop methods by which the deforma- 
tional behavior of the test member can be de- 
termined. This was accomplished by approximating 
the moment-load relation for the member. 

3. To conduct an experimental program, the 
results of which can be used to determine the 
worthiness of the theoretical analyses. 

4. To investigate the correlation between the 
characteristics of material behavior (as shown in 


* An interaction curve in this bulletin is defined as the curve which 
represents all possible combinations of moment and load which results 
in a given depth of yielding or inelastic deformation. 

_.** A moment-load curve is a curve which relates changes in load 
with corresponding changes in moment. 
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the basic tensile and compressive test) and mem- 
ber behavior (as shown in the eccentric tensile or 
compressive test in the inelastic range). 

5. To analyze and interpret these experimental 
and theoretical results. 


3. Scope 


The first portion of this report is devoted to the 
development and presentation of the interaction 
equations for members subjected to axial load and 
bending moment. These equations are developed 
in general terms so that they can be applied to. 
many cross-sections made up of one or two rec- 
tangular elements at right angles to each other, 
such as angle- and T-sections. They are also 
presented so that the rotation of the coordinate 
axes with respect to the plane of loading can be 
considered. 

In order to use the interaction curve to de- 
termine the load and deflection resulting from a 
given depth of yielding, it was necessary to con- 
struct a theoretical moment-load curve. The theo- 
retical moment-load curve was approximated by 
assuming that the eccentrically-loaded member de- 
flected into a segment of a circle. This approxima- 
tion should result in a conservative value of the 
load for either tensile or compressive loading. In the 
case of eccentrically-loaded columns, the theoretical 
moment-load curve was also approximated by as- 
suming that the member deflected into a segment 
of a cosine curve. The test data were found to fall 
between these two theoretical curves. 

Verification tests were run on 41 eccentrically- 
loaded tension members and on 32 eccentrically- 
loaded columns. The tension members were of the 
following materials: (1) Four relatively time- 
insensitive materials; namely, annealed rail steel, 
SAE 4340 alloy steel, 2024-T4 aluminum alloy, and 
7075-T6 aluminum alloy. (2) A time-sensitive type 
304 stainless steel. These test members had cross- 
sections which were either rectangular, unequal- 
legged T-sections, or equal-legged angle-sections. 
The latter were bent about the maximum and mini- 
mum axes of inertia. 

The eccentrically-loaded columns were made of 
several ductile metals; namely, two relatively time- 
insensitive aluminum alloys, 2024-T4 and 7075-T6, 
and two time-sensitive materials, SAE 1020 steel 
and type 304 stainless steel. These columns had 
rectangular-, T-, and angle-sections. The latter 
were tested so as to buckle about the maximum and 
minimum axes of inertia. 
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The results were analyzed by comparing the 
experimental and theoretical moment-load curves. 
In most cases, good agreement was found. The 
agreement was excellent for the members made of 
the time-insensitive materials except for the angle- 
section tension members tested about the minimum 
axis of inertia. It was suspected that this section 
distorted near the grips making the theory invalid. 
The time-sensitive type 304 stainless steel gave the 
greatest deviation from the theory. 
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ll. THEORETICAL RELATIONS 


5. Method of Approach and Assumptions Made 


The purpose of this section is to set forth the- 
oretical interaction and moment-load equations that 
can be used to analyze and design eccentrically- 
loaded tension or compression members having 
angle- and T-cross-sections. A plot of a typical set 
of such equations is shown in Figure 4. From this 
figure the general method of approach to the prob- 
lem can be seen. Once the interaction curves for a 
given cross-section are in hand, all that remains is 
to establish a definite relation between the axial 
load and the bending moment at some section of 
the member. At any phase in the loading schedule 
of that member, the extent of inelastic action can 
be determined. Or, conversely, if a certain depth of 
yielding is to be allowed, the combination of load 
and moment corresponding to this depth is deter- 
mined from the intersection of the moment-load 
curve and interaction curve on the diagram. From 
the value of the bending moment, a concept of the 
deformation at the section can also be obtained. 
Other points of interest in this figure will be ex- 
plained subsequently, but it will be of help at the 
onset to have in mind the goal of this present 
section. 

In the development of interaction curves, there 
are several quantities (such as the maximum stress, 
maximum strain, or the depth of yielded material) 
that could be used as the invariant for each curve. 
In this bulletin, the depth of yielded material has 
been selected because of the following considera- 
tions: (1) The derivations are accomplished with 
less difficulty when this quantity is selected. (2) The 
deflection of the member remains more nearly con- 
stant for the range of moment and load if the depth 
of yielding remains constant. (For example, the 
deflection remains constant over the curved portion 
of an interaction curve based on depth of yielding.) 
(3) The deflection of the member can be deter- 
mined more easily if interaction curves based on 
constant depth of yielding are known. (This prob- 
lem of the theoretical deflection of members sub- 
jected to combinations of load and moment is 


considered later in this section.) (4) The depth of 
yielding more closely describes the approach condi- 
tion of the member to failure by general yielding 
than do the other quantities. 

In order to make use of a set of interaction 
curves in the design of a given member, it is neces-— 
sary to have an expression relating changes in load 
with corresponding changes in moment for the 
given loading setup. Such a relation will be called 
a moment-load curve in this bulletin. A method by 
which the theoretical moment-load curve can easily 
be constructed (providing the interaction curves 
are known) will be described later in this section. 
This method necessitates an assumption regarding 
the configuration of the member under load. As 
shown in Fig. 6, the member deforms under the 
action of the eccentric load, P, so as to reduce the 
eccentricity over the central section of the member 
for a tensile load and increase the eccentricity over 
the central section for a compressive load. Probably 
the configuration described most easily would be 
that of a segment of a circle. If the deflection, 8, is 
small compared to the initial eccentricity, e, the 
moment (and, hence, the radius of curvature) is 
nearly constant over the loaded section and the 
assumed configuration is closely approximated in 
fact. Furthermore, as will be discussed later, any 
load based on the segment of a circle approximation 
is conservative for either an eccentric tensile or 
compressive load. 

The theoretical relations presented here are 
based on several assumptions. Fundamentally im- 
portant is the assumption that plane sections before 
loading remain plane after loading in both the 
elastic and inelastic ranges of deformation. For 
material which strain-hardens, this assumption has 
been shown to be valid.“” It is also assumed that 
inelastic action in a fiber is initiated when the stress 
in that fiber reaches the yield stress as determined 
in the simple tension or compression test. Several 
investigators have shown Justification for this as- 
sumption.“" 1 To facilitate the derivations, it is 


Bul. 447. ANALYSIS OF MEMBERS LOADED ECCENTRICALLY AND INELASTICALLY 11 


assumed that the ten- 
sion and 


Compression 


Slope @, E. ; 
compression 


stress - strain diagrams 
can be represented by 
two straight lines as 
shown in Fig. 1. It is 
further assumed that the 
eccentric loads are ap- 
plied in such a manner 
so as to eliminate twist- 
ing in the test section. 


OVTeSS, BO 


Strain, € 


Fig. 1. Ideal Stress-Strain 
Diagrams 


6. Interaction Curves of Angle- and T-Section Members 


Interaction curves for various depths of yielding 
are composed, in general, of two linear segments 
and one curved segment. (See curve QRST in Fig. 
4.) An exception to this is the yielding-impending 
curve which is composed of only two linear seg- 
ments. For some of the interaction curves shown in 
this report, only one linear segment and the curved 
segment are in evidence; the other linear segment 
lies in the second quadrant for negative values of 
the dimensionless load ratio (see Fig. 5). It has 
been proven’) that so long as yielding has not 
been initiated on both sides of the member, the 
interaction curve will be linear, thus the most con- 
venient method to determine an interaction curve 
is composed of the following three steps: (1) Lo- 
cate the terminal points of the linear segments. 
(2) Determine the coordinates of several points on 
the curved portion. (3) Draw in a smooth curve 
through these points. 

Each of the points on the curve can be obtained 
by assuming a given distribution of inelastic de- 
formation as shown by the cross-hatched areas in 
Figs. 2 and 3 for the T- and angle-sections. At the 
boundaries of the elastic region, the strains are 
equal to the maximum elastic strains and the 
stresses are oe; and oe. in tension and compression, 
respectively. Since plane sections are assumed to 
remain plane, the strain distribution is known. 
Using the strain distribution and the stress-strain 
diagrams (Fig. 1), the stress distribution can be 
constructed. Using the equilibrium conditions, the 
load and moment are then computed from this 
stress distribution and divided by their maximum 
elastic values to give dimensionless expressions for 
load and moment. If the member is subjected to an 
eccentric tensile load, the expressions for the maxi- 
mum elastic load and moment are as follows: 


Pe = oad 
Me est wok (1) 
Cy C2 


Hither the first or second moment expression should 
be used to determine M, depending upon which yield 
stress is reached first when the member is subjected 
to pure bending. For members subjected to eccen- 
tric compressive loads, the yield stress in compres- 
sion and tension are é; and és. 

Such a series of calculations would give one 
point on an interaction curve. For the same over- 
all depth of yielding, other assumptions as to dis- 
tribution of inelastic deformation must be made 
and other points on the same depth-of-yielding in- 
teraction curve are obtained. 

In order to facilitate the calculation of P and M 
for the cross-sections considered in this report, 
equations have been derived in which these quan- 
tities are a function only of the following variables; 
a —the depth of the elastic region, a; — the depth 
of the region of inelastic tension, and a, — the depth 
of the region of inelastic compression. Before pro- 
ceeding with these derivations, those properties of 
the angle- and T-section areas (see Figs. 2 and 3) 
needed in the derivations will be written: 


A =hi-h (bb 1) (2) 
oy elie eth Sy? 
fiw ht b — f) te? 


| ds 


+o [ep +h-D! (5) 
u ) £3 = aN 

I, =z h— bP + (h- ni(: _ <) 
is 2 [z§ + (b — z)*] (6) 


ie td 
Loy = -(z- 5) 5-3) 
2 7e ott _z) 
~6-Ha(y 9 5 ee) 


Equations 3, 6, and 7 are not needed in determining 
the properties of the T-section. Using Eqs. 5, 6, and 
7, the second moment of the area about any axis 
making an angle y with the coordinate axis (the 
coordinate axes are those taken parallel to the legs 
of the angle) becomes 


=/,co’¢+J/,sin?¢ + 2l,,singcose (8) 
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Centroidal |"\" 
OX/IS 


Fig. 2. T-Section Member Showing Loading Arrangement and Stress Distributions 


The last term of this expression should be given 
the negative sign if the coordinate x-axis is rotated 
counterclockwise from the centroidal axis which is 
parallel to the neutral axis (see Fig. 3) and the 
positive sign if the x-axis is rotated clockwise from 
this centroidal axis. 

a. Load and Moment Expressions for the Rec- 
tangular- and T-Section Members. Expressions for 
the load P and the moment M will be derived for 
the T-section member subjected to an eccentric 
tensile load. (See Fig. 2.) These expressions will 
also be valid for the rectangular-section by making 
the thickness ¢ equal to width b. From Fig. 2, it 
can be seen that an expression for the axial load P 
can be obtained from the equilibrium conditions by 


axis 


Yielded areas 


summing algebraically the forces corresponding to 
the stress distribution KACLJFH. Using this 
method directly would result in unwieldy expres- 
sions for the cross-sections considered. The follow- 
ing simplified method is recommended. If the stress 
distribution were completely elastic, such as dis- 
tribution KDLJG, the load P could be obtained by 
multiplying the stress at the centroidal axis by the 
cross-sectional area. For the inelastic distributions 
under consideration, an elastic distribution must 
first be imposed (such as KDLJG) and then ad- 
justed by subtracting the unwarranted areas. Thus, 
in Fig. 2, the load P would be obtained by multiply- 
ing the area A by the stress o,’ — oj” and subtract- 
ing algebraically the loads corresponding to stress 


Fig. 3. Angle-Section Member Showing Loading Arrangement and Stress Distributions 
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distributions ADC and HGF. Using similar tri- 
angles, the stress at the centroid is found to be 


, ae et Ta + O28 
OMe Oe ls = Cel, = 


ll 
Q 
a 

| 


in which 2e¢ = oe: + oe2 and all stress quantities 
are positive regardless of their direction. 

In a manner similar to that used for finding the 
expression for P, the expression for the bending 
moment M can be obtained. Thus, from equilibrium 
conditions, the moment M with respect to the cen- 
troidal axis is found by algebraically summing the 
moments of the forces corresponding to the stress 
distribution KACLJFH. Since this expression will 
be complicated by the changes in the cross-sectional 
area, it is again convenient to impose a fictitious 
elastic distribution KDLJG and adjust the moment 
M, (equal to 0”; I/c,) for the moment of the forces 
corresponding to stress distributions ADC and 
HGF. From the definition of « in Fig. 1 and a study 
of Fig. 2, it should be noted that the moment 
corresponding to distribution ADC is equal to the 
moment for distribution ADB multiplied by the 
factor (1 — a,). When yielding penetrates through 
the flange into the web, the computation for the 
moment corresponding to ADC is complicated by 
the change in width of cross-section over the depth 
a,. This complication can be eliminated by a con- 
sideration of the following proposition: It can be 
shown for elastic conditions that the superposition 
of a uniform distribution of stress on a bending 
stress distribution does not change the magnitude 
of the resisting moment although it does shift the 
position of the neutral axis. This is the same as 
saying that the moment of the stress distribution 
ADBEG is equal to the moment of the stress dis- 
tribution KDLJG with respect to the centroidal 
axis. Since this is true and since no change in width 
occurs over distribution AGH, the moment of the 
force corresponding to stress distribution ABD can 
be found by subtracting from the fictitious elastic 

moment M,, the moment corresponding to distribu- 
tion AGE. 

Using the foregoing propositions and informa- 
tion, the load P and the moment M are given in 
the following equations for the condition that yield- 
ing is confined within the tension flange while oc- 
curring also on the compression side of the member 
(that is, for a, less than or equal to t.). Accom- 
panying each set of load and moment. expressions 


is a sketch of the cross-section with the yielded 
portions shaded for purposes of clarification. 
ae 


2Ao, 
int as 
= (1 == a) o2017b 


EY a 


(1 = a2) Tey7t 


(cx — a) 


+ (9) 


a 
We M, eu (1 a a1) ob («: = B25 
a 3 


a Ske “:) ootts?t (ae) 10) 


For conditions in which yielding has progressed 
through the tension flange into the web while simul- 
taneously occurring on the compression side (that 
is, for a, greater than or equal to t,), the load and 
moment expressions are 
2Ac, 
a 


p.) os [ba,? —(b—t)(a;— ty)?| 


PSePy— 


(C1 — a1) 


al = 2) T-Ay*t 
a 


ote (11) 


MeeeMy ota tas) | M: 


ta tari(n-2$8)] 


(1 — av) ocAet ( de 
C2 
a 3 
It should be noted that Eqs. 9 and 10 are valid if 
either dz or a, is zero and Eqs. 11 and 12 are valid 
if a is zero. Equations 9 through 12 are valid only 
if the member is subjected to an eccentric tensile 
load. In order to make them valid for an eccentric 
compressive load, it is necessary to reverse the 
subscripts 1 and 2 on the stresses oe: and oes, the 
strain-hardening factors a; and az, and the depths 
of yielded material a, and a2. It should also be 
noted that these expressions are valid for angle- 
section members oriented with respect to the loading 
planes as the T-section members (that is, with one 
leg of the angle parallel to the leg of the T and the 
other leg parallel to the cross-bar of the T). This 
type of loading introduces a certain amount of 
twisting into the member which in some instances 
might be of great importance. 

b. Load and Moment Expressions for the Angle- 
Section Members When the Coordinate Axes Are 
Rotated Counterclockwise.— The expressions for 
M and P for an angle-section member being bent 


(12) 
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about an axis rotated counterclockwise through an 
angle » from the coordinate x-axis, as shown in 
Fig. 3, are more complex than those for bending 
about the x-axis. The expressions derived in this sec- 
tion are for a member under an eccentric tensile 
loading. The coordinate axes used to describe the 
relative position of the loading plane are those 
parallel to the legs of the angle. These were used 
instead of the principal axes in order to simplify 
the analysis. The distances C1, C2, Cs, and c, in 
terms of z, y, and ¢ are necessary in the equations 
which follow and can be written as 


C1 = yYcosg+2sing (13) 
Ce = heosg+tsing — (14) 
cj = bsing +hcos¢g — (4 (15) 
C4 = tcosp +tsing . (16) 


It is evident that different expressions for P and 
M will be required as yielding spreads over the 
cross-section, through certain areas, and past sig- 
nificant points. One such set of expressions holds 
when the yielding in the tension side of the member 
is confined within the dimension c,. Note that yield- 
ing can also start on the compression side and de- 
velop in areas dimensioned by a, and a; in Fig. 3. 
This latter dimension is given by the expression 


az = bsing +tcosg —a— aM (17) 


Thus, for the condition that a, is less than c,, the 
load and moment expressions are 


Pane 2Ac. 
a 


(¢1 — a1) 


(1 = a1) Oe oe 
3a SiN ¢ COS ~ 


— (a—bsin ¢)3| + 


(1 — ar) o 
3a SiN ¢g COS ~ 


[ao — (a2 — t sin ¢)8 
+ as° — (a3 — te cos ¢)>| (18) 


yi - (1 — a1) o [ ( a ay 
eter Sa sin @ Odo ke 


— (a,—bsin (Sse | 


meres 


— (1 —- a2) Oe [a iG Ry 
4 Zasin'e.coge LON eee 
Ae (c,--Etisne ) 


+as' (c.--%*.) + (a3—te cos ¢)3 


(e.- Satis 008 7) y] (19) 


In these equations, the terms containing a3, (a3 — 
te cos y), (a; — b sin g), and (a2 — t sin ¢) are zero 
if the quantities are negative. These equations are 
valid when either a, or @. are zero. 

When a, is greater than c,, two load equations 
are required depending upon whether a, is greater 
or less than b sin ¢. For a, greater than c,, but less 
than b sin g, the load expression becomes 


DANE 

a 
(1 — a1) o 7 
3a sin ¢ COS g la 


— (a, — c4)3] + 


P= P,— (cr — a1) 


1 ma ae) Oe 
3a sin ¢ COs g 


[a2 — (a, — t sin ¢)? 
+ as’ — (a3 — ft cos ¢)*] (20) 


For a, greater than c, and also greater than b sin ¢, 


2Ac- 

a 

(1 — a) o, 
3a sin ¢ cos g 


P= P= (c, — a4) 


[a8 


— (a,—c4)?+(a1—b sin 9 —te cos vg) 


(1 — a,)oe 
3a sin ¢ COs — 


—(a;—b sin g)*] + 
[ao? — (a, — t sin ¢)? 
+ 3° = (a3 a to COS )>| (21) 


The following moment expression is valid for both 
conditions. 


M = M, — (1 — a) 


Te 
3a SIN ¢g COS ~ 


fe tair(a—£$2) 


= (Gite bay 


( wim eisne | 
1) nae 2 


+ (a3 + a)® (cy = ee) 


— (a3 + a — tg cos ¢)? 


€ _ a+a3 +h cos >) 

: r 

Se (1 es a2) Fe [ s( a2 
3a SIN —Y COS ~ ee #) 


(Eq. continued on next page) 


be - 
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+ (+t sin e) 
2 


a 
+ a3? (cs _ 2.) — (a3 — t cos ¢)? 


(cs ee en 2 COs ¢@ )] (22) 


In these equations, the terms containing a3, (a; — 
tz COS y), (a2 — t sin gy), and (a, — b sin g — ty cos 
y) are zero if the quantities are negative. Since 
@, dz, and a; can all revert to zero without affect- 
ing the validity of the expressions, Eqs. 18 through 
Bq. 22 include all possible distributions of yielding 
in the cross-section. In order to make Eqs. 18 
through 22 valid for an eccentric compressive load, 
it is necessary to reverse the subscripts 1 and 2 on 
the yield stresses, the strain hardening factors, and 
the depths of yielding. 


= (dof sin: 'e)° (c. 


c. Load and Moment Expressions for the Angle- 
Section Members When the Coordinate Axes Are 
Rotated Clockwise. When the angle-section is ro- 
tated clockwise through an angle g, the distances 
C, and c» can be written in terms of x, y, and ¢ as 
follows: 

a = (b—2Z) sing +y cos ¢ (23) 
c =bsing+hcosg—a (24) 


It is possible to write one load expression and 
one moment expression to include all possible dis- 
tributions of yielding in the cross-section. The equa- 
tions will be long since many terms will become 
zero for any given distribution depending on the 
condition existing at the corner of the angle (that 
is. whether corner lies in a, a1, or a2). The load and 
moment expressions for members subjected to ec- 
centric tensile loads are 
(1 = a1) oe _ 


—— 6 03) ————— 
fate 01) 3a sin ¢ COS ~ 


{a:3 — (a, — tz cos ¢)?+[a1— fb cos ¢ 


—(b—t) sin o|?—(a,—b sin y)5} 


(1 — ae) o 
3a sin ¢ COS ¢ 


+ [a,—t sin e—(h—t) cos ¢]? 
—(a.—h cos y)*} (25) 
(1 = a1) Ce 


3a sin ~ COS ~ 


|a’ (2) — (a—l, cos ¢)* 


{a3 = (a2 —tsin gy) 


a 


M = Mr- 


( i tte COS ¢@ ) 
a. Ole ee 


+ [a.—t cos ge — (b—t) sin ¢)? 


[ da +t, cos e+(b—t) sin ¢ ] 
Cis D 


—(ai—b sin ¢)? («: thine 


(1 — ae) a f a( 2.) 
3a sin ~ cos g Nae BD 


i Seem 3( erne | 
(d2—t sin ¢) (c. 9 


+ [a.—t sin g—(h—te) cos o|$ 


[e a2 +t sin ¢+(h—te) cos ¢ ] 
a) 2 


—(d2—h cos ¢) 


d2+h cos ¢ ] 
¢ D } eo) 


In such equations, terms containing (a, — ts cos ¢), 
ide — ts! cos ¢ — (bi = it) sine]. (dees ¢), 
(d,,— ism ¢), |d2 — tino — (h = t2) cos |, and 
(a2 — h cos ¢) are zero if the terms are negative. 
In Eqs. 25 and 26, a, or az can become zero without 
affecting the validity of the expressions. In order 
for Eqs. 25 and 26 to be valid for an eccentric com- 
pression load, it is necessary to reverse the sub- 
scripts 1 and 2 on the yield stresses, the strain hard- 
ening factors, and the depths of yielding. 

It should be emphasized that in all cases of 
eccentric loading of angle-section members, the 
neutral axis of the member has been tacitly assumed 
to be located in a particular position with a partic- 
ular orientation. Unless the members are loaded 
so that this location and orientation results, the 
equations as developed are not strictly applicable. 


d. Representative Curves. The interaction 
curves for the T-section and angle-section for the 
angle g equal to zero may be obtained by using 
Kas. 9, 10, 11, and 12. The curves shown in Fig. 4 
were constructed assuming that the material had 
the same yield stress in tension and compression 
(that is, oe: = oe2 = oe) and the material did not 
strain harden for small inelastic strains (that is, 
a, = a. = 0). The cross-sectional dimensions used 
for these curves were 2 by 2 by 14 inches, similar 
to the actual dimensions of the sections which were 
tested in part of the experimental program. 

The interaction curve for impending yielding is 
made up of two straight lines, as shown in Fig. 4. 
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Fig. 4. Interaction Curves and a Moment-Load Curve 
for a Typical T-Section Tension Member 


The intersection of the two straight lines can be 
obtained from Eqs. 1, 9, and 10 if a, and a, are 
set equal to zero. The other two interaction curves, 
shown in Fig. 4 in order of increasing strength, are 
for quarter depth of yielding and half depth yield- 
ing. Curve QRST for half-depth of yielding is made 
up of two straight lines QR and ST and a curved 
portion RS. The two straight lines can be drawn 
if the coordinates of points R and S are obtained. 
The coordinates of S can be obtained from Kas. 1, 
9, and 10 if the variables are given the following 
values: a; = 0, a=1 inch, and a, =1 inch. The 
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coordinates of point R can be obtained from Eqs. 1, 
11, and 12 when a, =1 inch, a=1 inch, and a, 
= 0. Several points on the curved portion RS of 
the curve can be located by assuming various values 
for a, and a, between these limits. A smooth curve 
can then be sketched between the points. 

The effect of rotation of the coordinate axes of 
the angle-section on the values of load and moment 
necessary to produce half-depth of yielding in the 
2 by 2 by 44-inch section is illustrated by the inter- 
action curves in Fig. 5. In this plot, curve D for the 
angle ¢ equal to zero is the same as curve QRST | 
shown in Fig. 4. The other curves are for the 
angle-section rotated counterclockwise through 
angles of 15, 30, and 45°, and for the angle-section 
rotated clockwise through 15, 30, and 45°. The load 
and moment values have been made dimensionless 
by dividing by the maximum elastic load and 
moment. It should be pointed out that all curves in 
Fig. 5 have been referred to the same base by using 
as the maximum elastic moment M, for each curve 
the particular value for the angle ¢ equal to zero, 
that is, Meg = oete/Ciz. In order to compare and 
analyze these curves, it is necessary to use a specific 
moment-load relation. Further analysis of the effect 
of rotation of the angle-section will be given after 
these curves have been introduced. 

The difficulty in using the expressions that have 
been derived and presented in this article for de- 
signing an eccentrically-loaded member arises be- 
cause considerable time is expended in constructing 
a set of interaction curves for a given member. A 
new set of calculations is required for each type of 
cross-section and for any change in relative dimen- 
sions of a given cross-section (except for the rec- 
tangular section). Each set of calculations may 
require from 5 to 20 hours on a desk calculator. 
One investigation® has been made to determine 
the feasibility of using a digital computer (such 
as the Illhac at the University of Illinois) to make 
these time-consuming calculations. This investiga- 
tion was only partially successful in accomplishing 
this goal. However, the interaction curves for many 
channel-, angle-, and T-sections were obtained. 


7. Moment-Load Curves 


The interaction equations and curves which 
were developed and discussed in the preceding sec- 
tion give combinations of axial load and bending 
moment which may be applied in any fashion to a 
member with a particular cross-section so as to 
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Fig. 5. Interaction Curves for an Angle-Section Member Showing 


the Effect of Rotation of the Coordinate Axes on the Load 
and Moment Necessary to Produce Half Depth Yielding 


produce a given depth of yielding. In order to 
utilize these curves for a particular loading ar- 
rangement, an expression must be found which 
relates changes in axial load with corresponding 
changes in bending moment. It is the purpose of 
this section to set forth a procedure whereby such 
a moment-load relation can be determined analyt- 
ically for members subjected to eccentric tensile 
and compressive loads. 

A study of the loading arrangements under con- 
sideration (see Fig. 6) will show that, although 
similar in many points, the eccentric tensile and 
compressive loadings are different from the stand- 
points of design for strength and design for deflec- 
tion. For example, the critical section for both 
strength and deflection considerations is the central 
section for the compressive loading. For tensile load- 
ing, the central section is critical so far as deflec- 
tion is concerned, but for strength considerations 
the end section is critical. This is evident by refer- 
ring to Fig. 6 and noting that the values of the 
maximum bending moment are PA for compres- 
sive and Pe for tensile loading. 

In the design of eccentrically-loaded members 
the designer must account for both strength and 
deformation and, therefore, the above facts are of 


(a) Compression 


(6) Tension 


Fig. 6. Schematic Diagrams Showing the Defection 
of Eccentrically-Loaded Members 


importance to him. The purpose of this bulletin is 
to present an analytical approach and to confirm or 
reject this approach by experimental means. Since 
it is possible to measure the quantities needed to 
make such a decision only at the central section of 
an eccentrically-loaded member, the development 
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which follows is confined to that section for both 
tensile and compressive loading. 

The following expression relates axial load and 
bending moment for eccentrically-loaded members 


M = P(e +6) (27) 


where e is the initial eccentricity and 6 the central 
deflection. The plus sign is to be used for compres- 
sive load and the minus sign for tensile load. This 
equation can be put into a dimensionless form 
comparable to the interaction equations by dividing 
through by M, (see Eq. 1) as follows: 


M  Ple+ts) Pate st 3) 

Ts te M, oy pres 
By multiplying numerator and denominator by the 
cross-sectional area, A, a further simplification can 


be effected. 
Mee eA lee Oy ees 


M, o,,Al Nee 
where p is the radius of gyration of the cross- 
sectional area. Rearrangement gives 


M/Me _ ce (16 
PIPEC aie p 
This equation gives the slope of a straight line with 
respect to the load axis on an interaction curve 
plot; the line passes through the origin (see line 
OG in Fig. 4). For any given member, the only 
variable is the deflection, 8, of the central section of 
the member. This deflection depends on the shape 
of the deflected axis of the member, and when this 
shape is known or assumed, the strain-distribution 
at the central section is also determined. Using this 
strain distribution in conjunction with the stress- 
strain diagrams, the stress distribution can be com- 
pletely determined. The stress distribution then 
completely determines the internal resisting load 
P and moment M. Since each interaction curve 
gives combinations of internal moment and load 
which will result in a given depth of yielding, the 
intersection of Eq. 29 and the corresponding inter- 
action curve gives a balance between the externally- 
apphed moment and load and the internal resisting 
moment and load. By determining the deflection for 
other depths of yielding, the intersections of Eq. 29 
and the corresponding interaction curves will give 
other points such as F and L (see Fig. 4) on the 
theoretical moment-load curve for the member. 

a. Moment-Load Expressions Based on the Seg- 
ment of a Circle Representation of the Deformed 
Member. 

In using Eq. 29 to construct the theoretical 


tan 9 = (29) 


moment-load curve for a given member, it is neces- 
sary that the configuration of the member be 
known. Since the exact configuration of the mem- 
ber is impractical (if not impossible) to obtain, 
one must be assumed. The simplest assumption 
would be that of a segment of a circle, which re- 
quires that every section of the member have the 
same moment as the central section. For an eccen- 
trically-loaded tension member, all of the sections 
have a moment equal to or greater than this 
moment so that the theoretical deflection is less 
than actual. Since a smaller deflection, 8, results in | 
a larger moment, PA, the theoretical moment-load 
curve crosses a given interaction curve at a load 
less than actual so that the segment of circle as- 
sumption gives a conservative value for the load, 
but a non-conservative deflection for the tension 
member. In the case of a column, all of the sections 
have a moment equal to or less than the moment 
at the central section so that the theoretical deflec- 
tion is greater than actual. The theoretical moment- 
load curve crosses a given interaction curve at a 
load less than actual so that the segment of circle 
assumption gives a conservative value for both the 
load and the deflection. 

Using the segment of a circle assumption, an ex- 
pression involving 8 can be written as follows: 
(Consider the right triangle ABC in Fig. 6a) 


(Re — 8)? (+) =F 


By assuming 8 is small compared to the radius of 
curvature, R, this simplifies to 
[2 
= SR. (30) 
The load P and moment M required to cause this 
value of deflection at the central section of the 
member will also produce a given strain distribu- 
tion in the member at the central section. If yield- 
ing has occurred on both faces of the member, there 
is an elastic core of depth a = kh which is bounded 
by the yield strains ec; and ee. as indicated in Fig. 
6b. Assuming plane sections to remain plane, an 
expression involving the strain distribution can be 
written in terms of the radius of curvature and 
depth of yielding as follows: 


Epes 6e1 ht Gen 2; 
hie ae oD) 


in which k is a proportionality constant indicating 
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elastie core depth. When this value of R is substi- 
tuted in Eq. 30, there results an equation which 
relates deflection and strain distribution which 
thereby relates internal resisting and externally- 
applhed moment and load as follows: 


Deo lke 
Skh 


6 = (32) 
This expression is valid only if yielding occurs on 
both sides of the member..It is not valid for the 
straight line portion of the interaction curve. This 
difficulty can be circumvented by noting that the 
deflection of a member corresponding to any point 
on the straight line portion of the interaction curve 
is proportional to the bending moment at that 
point. The proof of this statement is given in 
Chapter VI. Considering the interaction curve 
shown in Fig. 4 the deflection corresponding to 
point L is 
6, = bo ae (33) 

where dy is the deflection of the member corre- 
sponding to point U, the upper end of the straight 
line, for which Eq. 32 is valid. My is the value of 
the moment at this point, and M, is the moment 
corresponding to point L where the moment-load 
curve crosses the interaction curve. 

If Eq. 32 is substituted into Eq. 29, the result- 
ing equation is 


(34) 


which can be used to construct the moment-load 
curve if it intersects in the curved portion of the 
interaction curve. Substituting Eqs. 32 and 33 into 
Eq. 29 results in 


C1e cil’e, Mr 


p? - 4khp? My ony 


Wena) 


which can be used if the moment-load curve inter- 
sects in the straight line portion of the interaction 
curve. Equation 35 must be solved by trial and er- 
ror. For an assumed intersection at point L, a line 
ean be drawn through the origin and point L to 
determine tan 6. By substituting values of M,, and 
M, in Eq. 35, another value of tan 6 is obtained. 
When the two values of tan @ agree, the resulting 
location of point L is the intersection of the 
theoretical moment-load curve and the interaction 
curve. 


Equations 34 and 35 were obtained by using 
M LA Cal 


which is valid if the most-stressed fi- 
‘1 


bers of the member under pure bending are the 
same fibers which are most-stressed when the 
member is eccentrically loaded. 


lt i= sa" Eqs. 34 and 35 become 
2 


Coe el Colee Gel 


tan @ 


oe Akhp® oe oe, 


C2 Oot Cale. oer Mr 
po) Op, ae Akhp? oo My 
The negative sign is valid for members loaded in 
compression. For such members the subscript 1 and 
2 on the yield stress are interchanged as was ex- 
plained in Section 6. 


tan @ = (37) 


b. Moment-Load Expressions Based on the Seg- 
ment of a Cosine Curve Representation of the 
Deformed Member. 

The assumption that when the member is sub- 
jected to the eccentric load it will deflect into the 
shape of a segment of a circle will be found to be a 
good approximation for most work especially when 
large initial eccentricities are involved. When deal- 
ing with the analysis of columns having small 
initial eccentricities of load, however, this assump- 
tion is not suitable. The assumption that the mem- 
ber deflects according to a segment of a cosine 
curve gives better results. An approximate expres- 
sion for the deflected shape is given as follows: 


y =0. GOs ce (38) 


When this expression is differentiated twice with 
respect to x, the radius of curvature-central deflec- 
tion equation results. 


1 d?y 16 
R dade FP oy 


By comparing Eq. 39 and Eq. 32 it can be seen 
that the only change is that 7? replaces the number 
8 in Eqs. 35, 36, 37, and 38, 7?/2 should be substi- 
tuted for the number 4 to make them valid for the 


cosine curve approximation. 


c. Effect of Rotation of the Coordinate Axes of 
the Angle-Section on Load-Carrying Capacity. 

Consider again Fig. 5 and the effect of rotation 
of the coordinate axes of the angle-section member 
with respect to the plane of loading. A very stiff 
member will be taken as an example so that the 
moment-load curve is a straight line. For a large 
eccentricity, line OR represents the moment-load 
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curve. The intersection of this curve with each of 
the interaction curves gives the load necessary to 
produce one-half depth of yielding for each orienta- 
tion of the member. It can be seen from the posi- 
tions of these intersections that large changes in the 
load-carrying capacity occur with changes in orien- 
tation — Curve 2 for which the angle ¢ is equal to 
a clockwise 30° gives the largest load-carrying 


capacity. For a small eccentricity, line OS repre- 
sents the moment-load curve. When line OS is con- 
sidered, the situation regarding load-carrying 
capacity has changed considerably. Now most of 
the orientations would give approximately the same 
results. Therefore, it can be seen that the moment- 
load relation is vital in analyzing the load-carrying 
capacity of various members. 


lll. MATERIALS AND METHOD OF TESTING 


8. Materials Used and Test Members 


In the experimental phase of the investigation, 
tests were conducted on members made from var- 
ious kinds of ductile metals with various types of 
cross-sections. Both the tensile and compressive 
types of eccentric loading were investigated. The 
tensile loading produced general yielding type fail- 
ures where an excessive amount of deformation 
necessitated stoppage of the test. For compressive 
loading the members were of such proportions that 
they could be classed as intermediate columns; the 
failure resulted from inelastic buckling. 

The cross-sectional dimensions and the test 
lengths of all members are listed in Tables 1 and 
2. Each member is given a designation in these 
tables as follows: The first two letters indicate the 
type of material, that is, RS for rail steel, AS for 
alloy steel, AA for alumnium alloy, MS for mild 
steel, and SS for stainless steel. The first number 
serves to differentiate between members cut from 
different bars or extruded sections. The next sym- 
bol designates the type of cross-section and its 
orientation with respect to the neutral axis, which 
is horizontal in all cases. Following this is the 
number of the test member. For special types of 
tests, a further letter is added — A, designating 
alternating-load tests and F, fast rate of loading. 

(a) Test Members Subjected to Tensile Loads 
— The tension members had rectangular-, angle-, 
and T-cross-sections. The rectangular members 
were made of three materials, annealed rail steel 
and aluminum alloys 2024-T4 and 7075-T6. Three 
test members were machined from the head of a 
railroad rail and three test members each from %4 
in. by 3 in. bars of the two different aluminum 
alloys. The over-all shape of these test members is 
shown in Fig. 7 along with the fixtures used in 
loading the members. 

The angle- and T-section members were made 
from the following three materials: SAE 4340 
steel, annealed* type 304 stainless steel, and 7075- 


*The material was annealed at 1500F for one hour and furnace 
cooled, 
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Fig. 7. Fixtures Used for Testing the Rectangular-Section 
Eccentrically-Loaded Tension Members 


T6 aluminum alloy. All three materials were pur- 
chased as extrusions which were specified to have 
dimensions of 2 by 2 by 1% inches. The only 
material that came near meeting this specification 
was the aluminum alloy. The two steels were ex- 
truded at high temperatures and for this reason it 
was difficult to obtain extrusions with uniform 
dimensions. 

In order to overcome some of the difficulty of 
analysis caused by the variation in thickness, the 
T-section members were machined to a width of 6¢ 
and a depth of 7.5t (where ¢ was the average 
thickness) and the angle-section members were 
machined so that each leg had a length of 7¢. In 
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Fig. 8. Eccentrically-Loaded Angle and T-Section Tension Members 


Fig. 8, sketches of the test members are shown, 
along with the pertinent dimensions. The reduced 
section was made less than the test length since the 
most-stressed section of the member was at the 
erips and it was considered advisable to increase 
the stiffness of this section. The actual cross- 
sectional dimensions and the test length are listed 
in Table 1 for all test members. 

(b) Test Members Subjected to Compressive 
Loads — The columns also had rectangular-, angle-, 
and T-cross-sections. The rectangular columns 
were made of mild steel and of aluminum alloy 
2024-T4. All of the mild steel columns were ma- 
chined from a 3'%-in. diameter bar of annealed 
SAE 1020 steel. The 2024-T4 aluminum alloy col- 
umns, both rectangular- and T-section, were ma- 
chined from a 2-in. diameter bar. The over-all 
dimensions of the columns and their location in the 
cross-section of the bar in each case are shown in 
Fig. 9. The cross-sectional dimensions and the 
slenderness ratio of each column are listed in 
Table 2. 

The remainder of the T-section columns were 
machined from the T-section extrusions of an- 
nealed type 304 stainless steel and 7075-T6 alu- 
minum alloy which were used in the eccentric ten- 
sion tests. The angle-section columns were machined 
from the angle-section extrusions of annealed type 
304 stainless steel. The over-all dimensions of these 
columns are shown in Fig. 10. The cross-sectional 
dimensions and the slenderness ratio of each col- 
umn are listed in Table 2. 


he 


9. Properties of Materials 


In order to analyze the test data by the methods 
outlined in Chapter IT, it was necessary to have the 
tension and compression stress-strain diagrams so 
that the yield stresses in tension and compression 
and the corresponding strain-hardening factors 
could be determined. The stress-strain properties 
in tension were obtained in most instances from 
plate tension specimens having cross-sectional 
dimensions of 44 by 14 in. and a length of 9 in. 
This type of specimen was found to have advan- 
tages in determining the variation in properties 
across the bars and was the only type of specimen - 
which was convenient in obtaining the properties of 
the extruded angle- and T-section members. These 
specimens were cut from positions so as to deter- 
mine the yield stress distribution along the bar or 
extrusion as well as across the cross-section. A 
2-in. extensometer was used to measure the strain. 

The stress-strain properties in compression were 
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Fig. 9. SAE 1020 Steel and 2024-14 Aluminum Alloy Columns 
Showing Dimensions and Relative Positions in the Bar Stock 
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obtained from specimens 2 in. long. The specimens 
from the bars had a 1-in. diameter. Those taken 
from the angle- and T-section extrusions contained 
the two legs of the angle or the T; these legs had 
dimensions of %4 in. Strains were measured by 
means of a 1-in. compressometer. 

In all cases, the stress-strain diagram was repre- 
sented by two straight lines—one through the 
data in the elastic range having a slope EH, the 
modulus of elasticity, the other through the data 
in the inelastic range having a slope aH, where a 


i re em 


O8e A LL #=0.20" 


WERT 


is a strain-hardening factor. The intersection of 
these two lines defines the property called the yield 
stress o- and the yield strain e. If the data deviate 
from the straight lines, that is, if they fall on a 
curve, there are many choices for the line with 
slope aH. Best results are obtained when the 
straight line is tangent to the curve in the neigh- 
borhood of the limiting design strain. In this 
bulletin, the strain associated with one-half depth 
of yielding in an eccentrically-loaded member has 
been taken as the limiting strain — this was found 
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Fig. 10. Annealed Type 304 Stainless Steel Columns and Stress-Strain Specimens with Typical Cutting Diagram 
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Stress-Strain Diagrams for the SAE 4340 
Alloy Steel Material 


Fig. 11. 


to be from two to four times the yield strain. For a 
material where the stress-strain diagram bends over 
at a very low stress and forms a smooth curve, it 
would probably be best to fit a mathematical equa- 
tion to this curve starting at an extremely low 
value of yield stress instead of trying to represent 
the data by two straight lines. This method would 
involve a considerable amount of work and would 
tend to complicate the theory to a large extent. 
Two different methods were used for determining 
the stress-strain properties in the inelastic range. 
Many of the specimens were tested by the usual 
method of applying the load at a constant head 
speed and of taking simultaneous load and strain 
readings. The head speed was adjusted so as to pro- 
duce a total strain of 0.020 in. in approximately 
three minutes. This method of testing, in this bul- 
letin, is called the fast rate of loading. A slow rate 
of loading was also employed since the stress-strain 
properties of some of the materials were time- 
sensitive. In this method each load was maintained 
until a near state of equilibrium was reached before 


the strain reading was taken and the next load 
apphed. 
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Fig. 12. Stress-Strain Diagrams for the 7075-T6 
Aluminum Alloy Material 


(a) Time-Insensitive Materials — The annealed 
rail steel and the SAE 4340 alloy steel were found 
to be time-insensitive. The stress-strain diagrams 
for the alloy steel are shown in Fig. 11. The data 
were analyzed from the standpoint of the location 
in the cross-section and the location in different 
extrusions and no particular trend was observed; 
therefore, all the tensile data were plotted on one 
diagram with the compressive data offset below. 
It will be noted that an average curve is repre- 
sented in each case by two straight lines. The 
average values of the yield stresses and the strain 
hardening factors for the rail steel and the SAE 
4340 alloy steel are listed in Table 1. The modulus 
of elasticity was assumed to be 30,000,000 psi. 

The aluminum alloys 2024-T4 and 7075-T6 were 
also found to be time-insensitive. The stress-strain 
diagrams for the 7075-T6 T-section extrusions are 
shown in Fig. 12. The data were analyzed from the 
standpoint of the location in the cross-section and 
the location in different extrusions and no partic- 
ular trend was observed; therefore, all the tensile 
data were plotted on one diagram with the com- 
pressive data offset below. The average values of 


Bul. 447. ANALYSIS OF MEMBERS LOADED ECCENTRICALLY AND INELASTICALLY 27 


the yield stresses and the strain-hardening factors 
for the two alloys are listed in Tables 1 and 2. The 
moduli of elasticity for the 2024-T4 and 7075-T6 
aluminum alloys were assumed to be their pub- 
lished values of 10,600,000 psi and 10,400,000 psi 
respectively. 

_ (b) Time-Sensitive Materials — The SAE 1020 
steel was known” to be time-sensitive; however, 
the slow rate of loading could not be used since 
this material is unstable for strains beyond the 
yield point strain. If the load is maintained, the 
strains become excessive. Therefore, the fast rate 
of loading technique was used since this rate of 
loading was known” to increase the lower yield 
stress about 10% above its lowest value. The 
average yield stress obtained from 24 tension and 
compression specimens was 30,000 psi. This value 
is listed in Table 2. The modulus of elasticity was 
assumed to be 30,000,000 psi. 

The type 304 stainless steel was found to be 
extremely time-sensitive. In addition, the properties 
were found to vary appreciably along each extru- 
sion and to be different between the various extru- 
sions. Several tension and compression specimens 
were machined from each extrusion, and these speci- 
mens were annealed along with the test members 
at 1500F for one hour and then furnace cooled. 
When each specimen was loaded in the inelastic 
range, the strain reading was not taken until the 
load had been maintained for 20 min at which time 
a near state of equilibrium had been reached. The 
load was maintained on the specimen by continual 
manual adjustment of the head of the testing ma- 
chine. If, at the end of 20 min., the adjustment of 
the head was stopped, the load fell off approximately 
3%. Most of this fall-off occurred within 5 min. If 
the specimens were tested at the fast rate of load- 
ing, the yield stress was raised about 11%. 

Typical stress-strain diagrams for the type 304 
stainless steel are shown in Fig. 13. The average 
curve is represented by two straight lines for both 
tension and compression. The stress-strain proper- 
ties for each test member are listed in Tables 1 and 
2. The modulus of elasticity was assumed to be 
25,000,000 psi since this value appeared to give the 
best representation of the stress-strain diagrams in 
the neighborhood of the yield region. 


] 


10. Description of Load and Deformation-Measuring 
Apparatus 


Three different types of load apparatus were 
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Fig. 13. Stress-Strain Diagrams for the Annealed Type 304 
Stainless Stee! Material Used in the T-Section Columns 


used during the experimentation. In applying an 
eccentric tension load to the test members, a 
different load apparatus was used in testing the 
rectangular-section members than was used in test- 
ing the angle- and T-section members. Another 
loading apparatus was used in testing the columns. 

(a) Eccentric Tension Testing of Rectangular- 
Section Members— The rectangular-section test 
members were all tested in an Amsler hydraulic 
testing machine using the loading fixtures shown 
in Fig. 7. The yokes were attached to the heads of 
the testing machine. The load was transmitted from 
the yoke through %-in. diameter hardened steel 
balls to the tapered pin and from the pin to the test 
member. The purpose of the taper on the pin was 
to permit lateral adjustment of the test member 
to minimize lateral bending. The deflections of the 
members were measured by 1/10,000-in. dial by the 
arrangement shown in Fig. 7. 

(b) Eccentric Tension Testing of Angle- and 
T-section Members—Since the angle- and T- 
section members had leg thicknesses of one-quarter 
inch, it was not feasible to load the member directly 
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Fig. 14. Fixtures Used in Applying Eccentric Tensile Loads to the Angle- and T-Section Members 
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Fig. 15. Upper Loading Head Assembly of the 
Eccentric Tensile Loading Fixtures 


through a hole in the member because of the small 
amount of the material to resist the load in bear- 
ing. A friction-type of grip was designed so that the 
test member had a definite unsupported length 
under load. 

A photograph of the loading-head assembly in 
a 200,000 lb variable-speed drive, universal Riehle 
testing machine is shown in Fig. 14. The important 
features of the assembly will be discussed using the 
isometric drawing of the upper head as shown 
in Fig. 15. The load from the testing machine enters 
the assembly through member G. This load is 
transferred through member F to the four members 
E which are connected to two heat-treated members 
D, made of SAE 4150 steel. The heat-treated load- 
ing pivot shaft, member C, made of SAE 4840 steel, 
transfers the load to member B. Resting on member 
B is member A which holds the grip assembly as 
shown in Fig. 16. Also illustrated is the method of 
applying the eccentric load. The eccentricity shown 
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Fig. 16. Gripping Fixtures and Eccentric Loading Arrangement 
for Angle- and T-Section Tension Members 
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in this figure is exaggerated for clarity, since the 
maximum eccentricity available was approximately 
11% in. It will be noted in Fig. 16 that member A 
could be adjusted for eccentricity by lateral trans- 
lation and could also be rotated on member B so 
that the angle-section members could be tested 
about axes other than coordinate axes. Once the 
eccentricity and angle of rotation were set, member 
A was bolted to member B during each test. 

In the grip assembly shown in Fig. 16, the large 
central hole in member A had a taper of 1 in 6. 
Liners labeled H were made by cutting °4-in. slices 
parallel to the tapered surface from a plug which 
was made to fit the tapered hole. These were per- 
manently bolted to member A. They remained in 
the same position for tests of both angle- and T- 
sections. The grips labeled K were made of SAE 
4150 steel. The surfaces in contact with the test 
specimen were roughened and then heat-treated. 
The grips extended 3 in. below the bottom of mem- 
ber A to support the specimen at the same level as 
the center-line of the pivot shaft. 

The method that was used to measure the cen- 
tral deflection can best be conceived by a study of 
the photograph in Fig. 14. Since the test length of 
each member terminated at the center of the hard- 
ened steel cylinders C (see Fig. 15), it was decided 
to measure the deflection with respect to these 
cylinders. Consequently, a pair of frames were con- 
structed around the loading fixtures and center- 
pins were tightened into center-holes in the eylin- 
ders. Vertical bars with a hole in one end and a 
slot in the other were made so as to fit snugly over 
the center-pins. With a 1/10,000-in. dial gage, 
mounted at the center, a horizontal bar was then 
attached to these two vertical bars. This dial meas- 
ured the relative movement of the center of the 
test member with respect to member C. Two gages 
were used to measure the rotation of the center of 
the test section for those members which were not 
loaded through the shear center. 

For all members, additional deformation meas- 
urements were made by means of SR-4 electrical 
strain gages. These gages were located at the posi- 
tions shown in Fig. 8. Type A-1 gages were used 
at those locations and with those materials where 
the strains were known to be less than 7000 micro- 
inches. Type PA-3 gages (post-yield) were used 
wherever the strains were larger than this value. 

(c) Eccentric Compression Testing — Three 


different testing machines were used to test the 
eccentrically-loaded columns. A specially designed 
constant load, hydraulic testing machine was used 
in testing the SAE 1020 steel columns. The columns 
were subjected to sustained loads in order to bring 
out the time-sensitive behavior of the material. A 
description of the machine is given in Reference 14. 
The stainless steel columns were loaded in an ex- 
tremely sensitive and accurate 10,000 lb capacity, 
hand-operated Tinius Olsen testing machine. The 
aluminum alloy columns were loaded in a 200,000 
lb variable-speed drive, Riehle testing machine. 

The knife-edge method of loading indicated by 
the sketch in Fig. 17 was used for loading all col- 
umns. The knife-edge seat block contains the seats 
for two knife-edges, one at right angles to the 
other. With two knife edges in use, a point loading 
on the column could be obtained. The double knife- 
edge loading system was used in this investigation 
to test all columns which did not have a preferred 
axis of failure. These columns buckled about the 
axis for which the radius of gyration was least. 
For other columns, a single knife-edge system was 
used. The column then had fixed-end conditions 
about one axis and pivoted-end conditions about 
the preferred axis. The fixture shown to the right 
in Fig. 17 was designed for use with the angle- 
section columns. By using these fixtures, it was pos- 
sible to bend the columns about axes rotated 45° 
clockwise and counterclockwise from the coordinate 
axis. A photograph of an angle-section column 
being loaded by the use of these fixtures is shown 
in Fig. 18. The column is being bent about the 
maximum principal axis of inertia. 

The central deflection of the columns was meas- 
ured with 1/10,000-in. dial gages attached on a 
rig which was mounted directly on the knife-edge 
seat blocks. Such a mounting eliminated all ex- 
traneous movement of the center of the column 
with respect to the ends. The deflection-measur- 
ing rig is shown in Fig. 18 where the deflection of an 
angle-section column is being measured. Two gages 
were used in this case to measure any possible ro- 
tation of the columns during testing. 


11. Testing Procedures 


In testing each eccentrically-loaded member, 
several elastic loads were applied to the member 
first to determine the elastic behavior. Except for 
a few special tests which will be discussed in the 
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Fig. 17. Single Knife-Edge Column Fixture 


following paragraph, each inelastic load was main- 
tained on the member until near-equilibrium con- 
ditions were attained. The load was maintained in 
some cases automatically by the machine itself and 
in others by continual manual adjustment. When 
this state was reached, a complete set of deforma- 
tion measurements was recorded. The next inelastic 
load was then applied and the foregoing process 
was repeated. Thus, it can be seen that the loading 
procedure for both the test members and the stress- 
strain specimens was identical in each case except 
for the mild steel members. The mild steel stress- 
strain specimens could not be loaded in this man- 
ner as explained in Section 9b. 

Three of the T-section members, a representa- 
tive of each of the extruded materials, were sub- 
jected to alternating eccentric tensile loads. For 
these tests the following testing procedure was 
used: For each load in the inelastic range the load 
was alternated between it and a small load which 


a 

aa. & 
© iy 
pe ile 

bg 

* 

Se 

* 


Fig. 18. Typical Setup of an Angle-Section Column 


was just large enough to maintain the loading ad- 
justment. Deformation measurements were recorded 
for both the upper and lower loads. The loading 
cycles were repeated until a state of near- 
equilibrium was reached. 

A few of the columns made of the time-sensitive 
materials, mild steel and stainless steel, were loaded 
to collapse in time intervals varying from 6 sec. to 
2 min. These fast rates of loading were used to 
investigate the time-sensitive behavior of these 
materials. Pertinent information for three SAE 
1020 steel columns was recorded automatically on 
a four-channel recorder. Simultaneous values of 
load and deflection were taken for one Type 304 
stainless steel column. 


IV. ANALYSIS OF RESULTS 


In Chapter II a procedure was_ presented 
whereby the load necessary to produce a given 
depth of yielding in an eccentrically-loaded member 
could be obtained. This procedure involved the use 
of two theoretical curves: (1) An axial load- 
moment interaction curve and (2) a moment-load 
curve. The interaction curves for rectangular-, T-, 
and angle-section members herein considered can 
be constructed by the use of Eqs. 9 through 11 and 
Eqs. 18 through 26. The moment-load curve based 
on a segment of a circle approximation to the con- 
figuration of the member can be constructed by the 
use of Eqs. 34 through 37. The moment-load curve 
based on a cosine curve approximation can be con- 
structed by the use of Eqs. 34 through 37 when 
7°*/2 is substituted for the number 4. Each of these 
expressions require the stress-strain properties of 
the material under consideration. Typical stress- 
strain diagrams of the materials used are shown 
in Figs. 11 through 13 and the required properties 
for each test member are listed in Tables 1 and 2. 

In order to determine the validity of these the- 
oretical relations over a considerable range of vari- 
ables, eccentric-load tests were conducted on 41 
tension members and 32 columns. The test members 
were made of several steels and aluminum alloys 
and had rectangular-, T-, and angle-sections. In the 
articles which follow, comparisons will be made 
between the theoretical curves and these experi- 
mental data. In some cases the theory was not 
corroborated by the experimental data. These dis- 
crepancies can be attributed to the fact that 
assumptions made in the theory were not sub- 
stantiated in the tests. In view of this it was deemed 
advisable to first study the effects of the factors 
influencing the results before analysis of the experi- 
mental data is undertaken. 


12. Effects of Factors Influencing Results 


Discrepancies between theory and experiment 
can be the result of a number of factors. One 
method of pointing up the influence of these factors 
would be to show the effect of a given percentage 
variation in some of the important variables on 


32 


both the theoretical and experimental moment-load 
curves. In the following paragraphs, two identical 
members will be compared by this method — one 
was assumed to be loaded by an eccentric tensile 
load, the other by an eccentric compression load. 
The members have been given a 1 in. by 1 in. 
rectangular cross-section and a length of 11.55 in.; - 
this results in a slenderness ratio of 40. The material 
was assumed to be an aluminum alloy with the fol- 
lowing properties: oe: = oe2 = 50,000 psi, a: = az 
= 0, and H = 10,000,000 psi. The combination of 
low modulus, high yield stress, and moderate slen- 
derness ratio should result in large deflections. 

Using these properties, the interaction curves 
for members with rectangular cross-section shown 
in Fig. 19 were constructed using Eqs. 9 and 10. 
The moment-load curves were constructed by using 
Eq. 35 which simplifies to 


1.00 


(Heyer) = 11.3) Se k 
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if an initial eccentricity of 0.25h is assumed. This 
relation was used to construct the theoretical 
moment-load curves represented by the dashed 
curves. The solid radial line is the moment-load 
curve for an infinitely stiff member and is given by 
Eq. 40 with the last term set equal to zero. 
Typical experimental moment-load curves for 
each type of loading have been indicated by a series 
of judiciously-placed open circles. Since the segment 
of a circle approximation to the configuration of 
the member must of necessity give a conservative 
theoretical moment-load curve, these points have 
been located so as to make the theory give a non- 
conservative estimate of the load. Such a situation 
when encountered in the analysis of data would 
indicate that either incorrect assumptions have 
been made in the derivation of the equations or 
that the magnitudes of certain experimental quan- 
tities which were assumed to prevail in the test 
members did not in fact occur. The equations as 
derived are given excellent corroboration by the 
experiments in the absence of unusual member or 
material characteristics. Therefore, the question of 
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Fig. 19. Hypothetical Plot Showing the Effect of Variation in 
Material Properties on the Position of Moment-Load Curves 


incorrect assumptions was dismissed. In the para- 
graphs which follow, it will be shown, however, that 
the inability to correctly predict the properties of 
the material in the test members using stress-strain 
_ specimens is sufficient to explain the discrepancies 
in the observed results. 

One essential feature of the interaction curve — 
moment-load curve method of analysis is the rep- 
resentation of the stress-strain diagrams. In this 
bulletin, the only representation utilized is that 
given by two straight lines. A consideration of the 
typical stress-strain diagrams in Figs. 11 through 
13 will reveal that a considerable error could be 


introduced by this type of analysis due to variabil- 
ity and time-effects. If the yield stresses oe; and oes 
would each be given a proportionate change in 
magnitude, the theoretical and experimental 
moment-load curves would be changed, but the 
interaction curves would not be influenced. A change 
in the yield stresses changes the values of P, and 
M, and moves the experimental points parallel to 
the moment-load curve for infinite stiffness (radial 
line in Fig. 19). If the actual yield stresses were 
10% lower than the value of 50,000 psi which was 
used, the experimental points would be shifted to the 
solid circles. The last term in Eq. 35 includes the 
yield strains so that when a 10% reduction in yield 
stresses is used, Eq. 40 becomes 


tan 6 = 1.5 + ue 
k 

The theoretical moment-load curves obtained using 
this relation are shown as long dash curves in Fig. 
19. It will be noted that this change was sufficient 
to shift the test data so that the theoretical moment- 
load is conservative; furthermore, the general shape 
of the new theoretical and experimental curves are 
more nearly the same. Of further interest is the fact 
that such a variation in yield stresses does not have 
much influence on the comparison between theory 
and experiment if the deflection is small (that is, the 
distance between the radial line and the test points 
is small). A considerable influence is evident once 
the deflection becomes appreciable. 

Another property determined from the stress- 
strain diagrams is the modulus of elasticity. This 
property is very difficult to determine accurately 
without the use of extensometers and compres- 
someters having extremely long gage lengths. It is 
acceptable practice to use the commonly reported 
value for the material when little variation in this 
property occurs. There are some alloys, however, 
which show considerable variation in this property. 
It will be of interest to observe the influence of a 
small variation in the modulus of elasticity also. 
Again the interaction curves are not influenced by 
a change in the modulus of elasticity; neither are 
the experimental moment-load curves influenced. 
The theoretical moment-load curves, however, are 
influenced since the yield strains in Eq. 35 can 
be varied by changing either the magnitude of 
the yield stresses or the modulus of elasticity. The 
difference between the dashed curves and the dash- 
dot curves represents the effect of 10% variation 
in the modulus of elasticity. 
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One further property obtained from the stress- 
strain diagrams is the strain-hardening factor a. 
Costello” has made a thorough analysis of the 
effects of this property and has shown that, in gen- 
eral, the variation of « in a material is not sufficient 
to make an appreciable effect on the analysis of 
the test results. This same conclusion can be shown 
to apply to another type of property, that is, the 
properties of the member as given by the cross- 
sectional dimensions and the initial eccentricity. It 
is felt that in this investigation these quantities were 
controlled to such an extent that variations which 
did occur would not materially influence the anal- 
ysis of results. 


13. Rectangular-Section Members Subjected to 
Eccentric Tensile Loading 


Three eccentric load tests were made on each of 
the following materials: annealed rail steel, 2024- 
T4 aluminum alloy, and 7075-T6 aluminum alloy. 
As indicated in Table 1, the initial eccentricities 
were approximately 24, 40, and 95% of the depth h. 
Both the theoretical and experimental results are 
presented in Fig. 20 for the 7075-T6 members (this 
material is the only one considered since its low 
modulus and high strength result in large deflec- 
tions which should give the greatest difference be- 
tween theory and experiment). The theoretical 
moment-load curves based on the segment of circle 
approximation to the configuration of the member 
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Fig. 20. Theoretical and Experimental Curves for 
7075-T6 Aluminum Alloy Tension Members 


are given by dashed curves, and the experimental 
moment-load curves are represented only by plotted 
points since the points are sufficiently close together 
to represent trends of the curves. Also shown in 
Fig. 20 are moment-load curves for members of 
infinite stiffness (radial straight lines). As will be 
noted, the comparison between theory and experi- 
ment is excellent. 

Pertinent data for each of the eccentrically- 
loaded rectangular-section members are listed in 
Table 1. It will be noted that the load necessary to 
produce yielding to one-half depth was approx- 
imately 60% greater than the maximum elastic’ 
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load, and the resulting deflection was less than three 
times greater than the maximum elastic deflection. 
The greatest error in predicting the load and de- 
flection for half depth of yielding was 3% and 10%, 
respectively. Of course, the most-stressed sections 
are not located at the central section which has 
been considered but are at the ends of the member 
where the eccentricity remains constant. The radial 
solid line in Fig. 20 should be used for determining 
the depth of yielding at the ends for any given load. 


14. T-Section Members Subjected to Eccentric 
Tensile Loading 


The T-section members were made from the 
three following materials: SAE 4340 alloy steel, 
annealed type 304 stainless steel, and 7075-T6 
aluminum alloy. Five test members of each of these 
materials were subjected to initial eccentricities of 
approximately 20 and 50% of the depth. The data 
for two or three members of each material are pre- 
sented in Figs. 21 through 23. The theoretical 
moment-load curves are for a segment of circle 
approximation and are shown as dashed lines. The 
comparison between theory and experiment is good 
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Fig. 22. Theoretical and Experimental Curves for Annealed 
Type 304 Stainless Steel Tension Members 


in all cases. The stainless steel data consistently 
fell below the theory for the larger depths of yield- 
ing; as explained in Section 13, this is probably due 
to the fact that the stress-strain diagram representa- 
tion was inappropriate for this magnitude of strain. 

Pertinent data for each of the T-section mem- 
bers are listed in Table 1. The load necessary to 
produce yielding to one-half depth was approx- 
imately 30% greater than the maximum elastic 
load, and the maximum error in predicting this 
load by the theory was less than 2%. For the 4340 
steel and the 7075-T6 aluminum alloy, the deflec- 
tion for one-half depth of yielding was about three 
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Fig. 23. Theoretical and Experimental Curves for 7075-T6 
Aluminum Alloy Tension Members 
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Fig. 24. Time Deflection Diagrams for Sustained and Alternating Eccentric Tensile Loading 


times the maximum elastic deflection. The deflec- 
tion was two to five times the maximum elastic 
deflection for the type 304 stainless steel. The error 
in predicting the deflection by theory was as much 
as 58% for the stainless steel. 

The last two members listed for each material 
had different length dimensions (see Fig. 8) and 
were used to study the effect of time on the load- 
carrying capacity. One T-section member of each 
material was subjected to a series of sustained in- 
elastic loads and one T-section member of each 
material was subjected to a series of alternating 
inelastic loads (see Section 11). For each material, 
the magnitudes of load were the same for both 
types of test. The sustained load tests were in no 
way different from the ones previously discussed 
except for the number of deformational readings 
taken and recorded. In all cases the data for alter- 
nating loads were found to lie above those for sus- 
tained loads. This indicates that the deformation 
under alternating loads was less than that for sus- 
tained loads. This is brought more forcibly to atten- 
tion in Fig. 24 in which time-deflection curves are 
plotted for the stainless steel members only. This 
material was selected for presentation since it 


showed the greatest time-dependent behavior. The 
deformation in these members is seen to be increas- 
ing slightly after more than 30 min at a given load. 
The other two materials, which were much less 
time-sensitive, showed similar curves, but most of 
the inelastic deformation occurred in the first 15 
min. It can be stated that the basic method of 
analysis was in no way invalidated by these time- 
effect tests. 


15. Angle-Section Members Rotated Clockwise and 
Counterclockwise Through 45° Subjected to 
Eccentric Tensile Loads 


A total of 17 eccentric load tests were made on 
the angle-section extrusions — three test members 
for each material were tested at each of two differ- 
ent orientations (with the exception of the stainless 
steel angles rotated clockwise through 45° where 
only two members were tested). These data are 
shown in Fig. 25. 

Consideration will be given first to those angles 
which were rotated counterclockwise through 45°, 
that is, they were bent about an axis for which the 
radius of gyration was a minimum. It will be noted 
that the tests for the aluminum alloy material were 
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Fig. 25. Theoretical and Experimental Curves for Angle-Section Tension Members Bent About Maximum and Minimum Axes of Inertia 


38 ILLINOIS ENGINEERING EXPERIMENT STATION 


terminated before half depth of yielding was ob- 
tained. This was necessary because of the large 
amount of deflection obtained due to the low stiff- 
ness of the material. 

As indicated in Fig. 25a for the SAE 4340 alloy 
steel and Fig. 25b for the stainless steel, the agree- 
ment between theory and experiment was good for 
the members subjected to an initial eccentricity 
of 0.75 in. For an initial eccentricity of 0.40 in., 
the data for one-half depth of yielding is above the 
theoretical curve for the alloy steel and below for 
the stainless steel. In each case the deviation be- 
tween theory and experiment is probably due to 
the fact that the yield stress in the member was 
different from that given by the average of the 
stress-strain diagrams. (The reason for this conclu- 
sion is given in Section 13.) If the yield stress for 
the alloy steel was 4% greater than that used, the 
data would have coincided with the theoretical 
moment-load curve at one-half depth yielding. For 
the stainless steel, the yield stress would have to be 
decreased by 10% and 8%, respectively, for speci- 
mens SS4-/A 2 and SS2-A 3 in order to obtain agree- 
ment between theory and experiment. 

As indicated in Fig. 26¢ for the 7075-T6 alu- 
minum alloy, all of the test points lie above the the- 
oretical moment-load curves. An error in the yield 
stress would not have caused as much deviation as 
was observed for the elastic conditions. An error 
in the modulus of elasticity could have produced 
the observed results, but this variable was not con- 
sidered since data from other test members of this 
material were found to compare favorably with the 
theory. Part of the discrepancy can be explained 
from the fact that the two legs of the angle-section 
had an included angle of 88.5° instead of 90°. Thus, 
the section modulus was about 2% too large; how- 
ever, this would have only a little influence in ad- 
justing the data. It is believed that local distortion 
of the cross-section of the members near the grips 
produced the discrepancy between theory and ex- 
periment. The same results were obtained for mem- 
bers in which the test section was reduced to 
dimensions of 6t by 6t by t, where t is the average 
thickness. However, good agreement was obtained 
for specimens which were not reduced, that is, the 
cross-sectional dimensions were 8t by 8¢ by t. These 
data have not been reported herein. 

In Table 1, theoretical and actual values of the 
maximum elastic load and the load at half-depth 
yielding are listed along with the ratio of these two 
values. An approximate increase in load-carrying 


capacity of 80% resulted when half the depth had 
yielded. Other pertinent data similar to those dis- 
cussed for the T-section members are also listed in 
this table. 

For angle-section members rotated clockwise 
through 45°, the data are shown in Figs. 25d, 25e, 
and 25f. Good agreement between theory and ex- 
periment was found in all tests of all materials. 
Table 1 also gives pertinent data for these test 
members. The percentage increase in load-carrying 
capacity is approximately 60% for one-half depth 
of yielding. 


16. Rectangular-Section Eccentrically-Loaded Columns 


As indicated in Table 2, tests were conducted 
on nine annealed SAE 1020 steel columns and two 
2024-T4 aluminum alloy columns. The inelastic de- 
formation of the aluminum alloy is know to be 
rather time-insensitive; therefore, these column data 
might be expected to compare most favorably with 
the theory presented in Chapter II. On the other 
hand, the mild steel columns were tested primarily 
to study the effect of time on the heterogeneous 
type of inelastic deformation found in mild steel. 

a. 2024-T4 Aluminum Alloy Columns. Data 
were obtained for two columns and are plotted in 
Fig. 26. The columns were made with identical di- 
mensions (see Table 2) and the same initial eecen- 
tricity of 0.32h was used in both tests; in this 
manner an idea was obtained regarding reproduc- 
ability of results. The theoretical curves were 
constructed by using the yield stresses and the 
strain-hardening factors listed in Table 2. Eqs. 9 
and 10 were used in constructing the interaction 


‘curves, and Eqs. 34 through 39 were used in con- 


structing the moment-load curves. 

It will be noted that there are two theoretical 
moment-load curves. The dashed curve is based on 
the assumption that the column deforms into a 
shape represented by a segment of a circle. This 
curve should always be conservative and should be 
close to the experimental curve for a column with a 
large eccentricity and a small slenderness ratio. The 
dotted curve is based on cosine curve approxima- 
tion of the configuration of the column. This curve 
was found to be nonconservative but is close to the 
experimental curve for a column with small eccen- 
tricity and large slenderness ratio. 

The experimental moment-load curves indicated 
by the plotted points in Fig. 26 was found to lie 
between the two theoretical curves as indicated in 
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Fig. 26. Theoretical and Experimental Curves for 2024-T4 Aluminum 
Alloy Columns Having Slenderness Ratios of 46 


this figure and in Table 2. The two columns gave 
almost identical results and the collapse loads were 
found to be 6 to 7% greater than the theory based 
on segment of circle approximation. 


b. SAE 1020 Steel Columns — Slow Loading 
Tests. Six of the nine columns listed in Table 2 were 
loaded in a stair-step manner such that each load 
was maintained for a given period of time. The 
load was increased in increments of 2 to 3% of the 
yield point load and each load was maintained for 
6 min unless the inelastic deformation continued to 
increase as it did at the collapse load. In this case, 
the load was maintained until the column collapsed. 
In one case inelastic deformation continued at con- 
stant load for almost an hour before the final 
collapse. 

In a previous investigation” in which mild steel 
beams were subjected to this method of loading, 
the fully plastic moment was found to be 10% 
below the calculated value based on stress-strain 
properties obtained from conventional testing pro- 
cedures. Thus, in these beams the slow rate of load- 
ing reduced the lower yield stress by 10%. 


In a similar investigation of mild steel columns, 
it would be reasonable to assume the best compari- 
son between theory and experiment would be ob- 
tained if the stress-strain specimens were subjected 
to the same schedule of loading as the columns. 
This would be impractical since special tapered 
tension specimens would be required to obtain the 
stress-strain properties.'°) Besides, the stress-strain 
data as commonly reported are obtained from con- 
ventional testing procedures. In view of this, the 
theory was based on properties obtained from speci- 
mens tested at a rate of loading such that the 
strain at the end of the flat portion of the stress- 
strain diagram was reached in from 3 to 5 min. 

In all tests of the mild steel columns it was 
considered desirable to eliminate the influence of an 
upper yield point in the material since its magni- 
tude is unpredictable. Therefore, small holes were 
drilled with a No. 60 drill to a depth of 1/16 in. 
on each side of the front and back faces of the 
columns at intervals of % in. It was thought that 
these stress raisers would initiate localized yielding 
before the nominal stress reached the lower yield 
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Fig. 27. Theoretical and Experimental Curves for SAE 1020 
Steel Columns Having Slenderness Ratios of 60 
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Fig. 28. Theoretical and Experimental Curves for SAE 1020 
Steel Columns Having Slenderness Ratios of 60 


point of stress. Previous beam tests and prelim- 
inary column tests by the authors indicated that 
such holes did not affect the magnitude of the fully 
plastic moment in beams or the collapse load in 
columns. 

As indicated in Table 2, the six columns sub- 
jected to the slow rate of loading had identical 
dimensions and were tested at the same eccentricity 
of 0.30h. A plot of the data for all six columns is 
shown in Fig. 27. The collapse loads averaged 4% 
below the theory which is supposed to be conserva- 
tive. Since the aluminum columns under similar 
testing conditions were conservative by 6 or 7%, 
these column tests would seem to confirm the beam 
tests in indicating that the slow rate of loading 
reduces the lower yield stress of the material by 
about 10%. 

ce. SAE 1020 Steel Columns — Fast Loading 
Tests. Three of the nine columns were tested at a 
fast rate of loading. Columns MS1-R9F, R11F, and 
R15F were loaded through the inelastic range in 
time intervals of 20, 6, and 82 sec, respectively. 
The data presented in Table 2 and Fig. 28 indi- 
cate that the theory was conservative in each case. 


These three columns collapsed at an outer fiber 
strain of approximately 0.40%. The computed 
strain rates for these columns were 15x 10°, 
50x 10°, and 3.7x 10° per sec. The strain rate in 
the testing of the compression specimens was ap- 
proximately 5x10-° per sec. Therefore, columns 
MS1-R9F and R15F were tested at about the same 
strain rate as the compression specimens and the 
collapse load was conservative by 4%. Column 
MS1-R11F was tested at a strain rate one order of 
magnitude greater than the stress-strain specimens 
and the collapse load was conservative by 11%. It 
has been found in rate of loading tests on mild 
steel tension specimens“® that, in this range of 
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Fig. 29. Theoretical and Experimental Curves for a 2024-T4 
Aluminum Alloy Column Having a Slenderness Ratio of 49 
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strain rate, an increase of one order of magnitude 
will cause an increase in yield point of about 7%. 
If the yield stress for column MS1-R11F had been 
increased by 7%, the collapse load would have 
been conservative by 4%. 


17. T-Section Eccentrically-Loaded Columns 


Tests were run on two columns made of 2024- 
T4 aluminum alloy, three columns made of 7075-T6 
aluminum alloy, and 10 columns made of annealed 
type 304 stainless steel. Similar to the procedure 
used for the tests reported in the preceding article, 
the aluminum alloy T-section column tests were 
used for theory-verification purposes. With a nearly 
time-insensitive material, the main variable of type 
of cross-section could be investigated without com- 
plication. Once the theory was verified by these 
tests, one further variable, time-sensitivity of the 
material, was studied using an annealed type 304 
stainless steel. The relative dimensions of the T- 
section columns were 6t by 6¢ by t where ¢ is 
the thickness of the flange and web. The actual 
dimensions and slenderness ratios of all columns 
are listed in Table 2. 

a. 2024-T4 Aluminum Alloy Columns. As indi- 
cated in Table 2, the two 2024-T4 columns were 
tested under nearly identical conditions. Since the 
cross-sectional dimensions were slightly different, 
the data for the two columns could not be plotted 
on the same figure. In Fig. 29 are shown the data 
for AA1-T1. It will be noted that the data lie be- 
tween the theoretical curves based on the segment 
of circle and the cosine curve representations. The 
theoretical collapse load based on the segment of 
circle approximation is conservative by percentages 
of 3 and 5% for the two columns (see Table 2). 

b. 7075-T6 Aluminum Alloy Columns. The 
three 7075-T6 aluminum alloy columns had identi- 
cal cross-sectional dimensions, but the slenderness 
ratio for Column AA3-T1 was 45 while a value of 
35 was used for Columns AA3-T2 and AA3-T3. The 
data for these three columns are shown in Fig. 30. 
It will be noted in all cases that the data lie be- 
tween the theoretical curves based on the segment 
of circle (dotted curves) and cosine (dashed curves) 
approximations. Columns AA3-T1l and AA38-T2 
were given an initial eccentricity of 0.05h. For this 
material, these columns can be considered rather 
long since a column with a slenderness ratio of 45 
would be an Euler column for zero eccentricity. As 
should be expected, the test data for columns with 
small eccentricities fell very close to the theoretical 


curve based on the cosine curve approximation to 
the deflected position of the column. Using the 
segment of circle approximation, the theoretical 
collapse loads for the longer and shorter columns 
were on the side of safety by 13% and 8%, 
respectively. 

The third column had a slenderness ratio of 35 
and was given an initial eccentricity of 0.25h. The 
larger eccentricity should shift the data toward the 
theoretical moment-load curve based on the seg- 
ment of circle representation. It will be noted that 
the data fell midway between the two theoretical 
curves. When the segment of circle approximation 
was used, the theoretical collapse load was on the 
side of safety by 4%. 

These aluminum alloy data, it is felt, provide 
an excellent confirmation of the basic interaction 
curve — moment-load curve type of theory. When 
the theory indicates that a column with small initial 
eccentricity should follow the cosine curve con- 
figuration, the experimental data respond and thus 
give verification to the theory. Similarly, for larger 
eccentricities the segment of a circle configuration 
is more appropriate and in confirmation the data 
shift toward this theoretical curve. 
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Fig. 30. Theoretical and Experimental Curves for 
7075-T6 Aluminum Alloy Columns 
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(d) Eccentricity study for angle-section bent about 
maximum principal axis (Yr = 50) 
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Fig. 31. Theoretical and Experimental Curves for Annealed Type 304 Stainless Steel 
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c. Type 304 Stainless Steel Columns. Ten an- 
nealed type 304 stainless steel columns were sub- 
jected to eccentric loads; all but Column SS4-T7F 
were subjected to a slow rate of loading. Seven of 
the columns had a slenderness ratio of approxi- 
mately 50 and were subjected to loads at initial 
eccentricities which varied from 0.04h to 0.35h. The 
remaining three columns had slenderness ratios of 
44, 74, and 106 and were subjected to loads at the 
same initial eccentricity of 0.20h. 

The effect of initial eccentricity on the collapse 
load of columns having approximately the same 
slenderness ratio is shown by the data plotted in 
Fig. 3la; results are listed in Table 2. Only the 
theoretical curve based on the segment of circle 
approximation of the deformed column is shown 
since most of the experimental test points are 
located on the non-conservative side of the theory. 
The data given in Fig. 3la are based on the proper- 
ties of the material as obtained from the stress- 
strain and modulus of elasticity specimens. The 
stress-strain specimens have been described here- 
tofore and the stress-strain diagrams have been 
shown in Fig. 13. The modulus of elasticity speci- 
mens were of two types, an ordinary tension speci- 
men long enough to accommodate a 20-inch exten- 
someter and a rectangular-section beam subjected 
to dead-load pure bending. The analysis as shown 
in Fig. 31a would indicate the presence of discrep- 
ancies in these material properties. A reference to 
Section 13 will show that a variance between the 
strength and/or stiffness properties that occurred 
in the test member and those obtained from the 
tests of the minor specimens and used to analyze 
the data could be responsible for the discrepancies 
shown in Fig. 3la. The stress-strain data do show 
considerable scatter; furthermore, the inelastic de- 
formation of this steel was such that, at each test 
load even though a considerable waiting period 
elapsed before final readings were taken, the strain- 
ing still continued. This would indicate the reported 
yield stress was perhaps as much as 5% too high. 
This difference would be sufficient to make all the 
‘theoretical collapse loads conservative except for 
the column with the smallest eccentricity. It would 
not be sufficient to make all the test points he on 
the conservative side of the theory. The large 
amount of scatter could also be used to explain the 
fact that some collapse loads are conservative and 
some non-conservative. It should be noted that 
several of the experimental moment-load curves are 


considerably displaced from their proper position 
(with respect to the conservative theoretical 
moment-load curves) even for elastic conditions. As 
was indicated in Section 13, changes in the stiffness 
property bring about the correction of this type of 
discrepancy better than changes in the strength 
properties. The modulus of elasticity value for the 
stainless steel material is by no means as fixed a 
value as those of mild steel or the aluminum alloys. 
It is felt that a reasonable value was experiment- 
ally obtained by the two different methods indi- 
cated previously. If any rational explanation can 
be found for the use of a reduced modulus, the 
correlation of theory and experiment could be made 
more complete. 

It should be realized and a study of the stress- 
strain diagrams in Fig. 13 will show that it would 
be possible to select many different secondary 
slope lines which would fit the data in the inelastic 
range. Accordingly, the relative positions of the 
experimental and theoretical moment-load curves 
can be shifted so as to obtain better correlation in 
one sense but perhaps a lack of correlation in some 
other sense. In view of the many contingencies 
present, the data as presented, that is, the second- 
ary slope being selected so that it is tangent to the 
curve in the neighborhood of the strain in the most- 
stressed fiber at collapse, give a very good sub- 
stantiation of the theory. In Table 2, it can be 
seen that for eccentricities of 9% or more the theory 
predicts the collapse load to within 3%. A possible 
exception to this conclusion is the data for the 
column with the smallest eccentricity where an 8% 
difference between theory and experiment is present. 
An explanation for the results for Column $S4-T6 
is difficult to offer as the theory should be more 
conservative for smaller eccentricities since the 
assumption that every section of the column is 
subjected to a constant bending moment is nearer 
to the truth for larger eccentricities than for smaller 
eccentricities. However, it is a fact that an error 
in setting the initial eccentricity of the column has 
a much greater influence on the load for small 
eccentricity than for a large eccentricity. Also, any 
non-homogeneity of the material which would tend 
to weaken the column would have a greater in- 
fluence for the smaller eccentricity. 

The effect of slenderness ratio on the collapse 
load for columns with the same initial eccentricity 
(e = 0.20h) is shown by the data in Fig. 31b. The 
pertinent data for these T-section columns are also 
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given in Table 2. By using the material properties 
discussed in Section 9, the results are quite similar 
to those obtained in the eccentricity study, that is, 
most of the data are located to the left of the 
theory (indicating that the theory was not con- 
servative). The greatest difference between theo- 
retical and experimental collapse loads was 11% 
and this value was obtained for the largest slender- 
ness ratio. It should be noted that the long slender 
columns have large deflections and, therefore, the 
magnitude of the modulus of elasticity has a larger 
influence on the theoretical load than for shorter 
columns. 


18. Angle-Section Eccentrically-Loaded Columns 


A. Type 304 stainless steel columns. Six angle- 
section columns made from annealed type 304 stain- 
less steel were tested and analyzed. Four of these 
columns were bent about the minimum axis of 
inertia and two columns were bent about the maxi- 
mum axis of inertia. All of these columns had a 
slenderness ratio with respect to the axis of bend- 
ing of approximately 50. The four columns bent 
about the minimum axis of inertia were tested at 
initial eccentricities of 37, 18, 9, and 5% of the 
depth h. The test results are shown graphically in 
Fig. 3le and tabulated in Table 2. Again, it is seen 


that the theory is substantiated by the experiments 
in every case except that for Column S85-A4 
where an eccentricity of 5% was used. The com- 
ments made in this regard in Section 18¢ for the 
T-section columns also apply here. 

The data in Table 2 indicate that the inelastic 
deformation that had occurred in these columns 
before collapse resulted in 19 to 74% increase in 
load-carrying capacity. Compared with the T- 
section columns, where for a similar range of ec- 
centricities the percentages were only 4 to 28%, 


this represents a considerable increase in load-_ 


carrying capacity. 

The two columns bent about the maximum axis 
of inertia were tested at initial eccentricities of 35 
and 17% of the depth h. Table 2 gives results of 
analyses while Fig. 31d shows the results in graph- 
ical form. About the same trends are to be noted 
for these two columns as was found for the other 
angle-section columns bent about the minimum 
axis of inertia. Although no precautions were taken 
to load these columns through the shear center, the 
knife-edge type of loading was such that the load- 
ing was evidently through the shear center. This 
conclusion has been reached because measurements 
taken showed no distortion of the section during 
the complete test. 


V. SUMMARY AND CONCLUSIONS 


In order to determine the load necessary to 
produce any given depth of yielding in an eccen- 
trically-loaded tension or compressive member, a 
method has been presented which utilized load and 
moment interaction curves and moment-load curves. 
Theoretical relations were derived for constructing 
the interaction curves for rectangular- and T- 
section members and angle-section members having 
various orientations with respect to the load plane. 
Approximate expressions for the moment-load 
curves were also developed. In order to determine 
the validity of these theoretical relations, members 
were tested with eccentric tensile and compressive 
loads. Some of these test members were made from 
materials which were fairly time-insensitive (such 
as rail steel, SAE 4340 steel, 2024-T4 aluminum 
alloy, and 7075-T6 aluminum alloy), while other 
test members were made of time-sensitive materials 
(such as SAE 1020 steel and type 304 stainless 
steel). 

This summarizes the work performed and the 
following conclusions based thereon are justified. 


1. The construction of the interaction curves 
for the angle- and T-section involve a considerable 
number of calculations. Once these curves are 
known, however, the construction of a theoretical 
~moment-load curve involves only a few calculations 
and can be completed in a short time for both 
eccentrically-loaded tension and compression mem- 
bers. 

2. Inelastic analysis involves the stress-strain 
properties of the materials. All inelastic deforma- 
tion is a time-dependent phenomenon. However, 
for the time-insensitive materials this dependency is 
not of great influence in affecting the results. For 
the time-sensitive materials, it was imperative that 
the strain history of the eccentrically-loaded mem- 
bers be duplicated in the stress-strain specimens. 
The test results of members made of SAE 1020 steel 
show that the theory is confirmed by experiment 
when a duplication is effected. In the tests of the 
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type 304 stainless steel, however, the results indi- 
cate the strain histories were not duplicated since 
considerable deviation was observed between theory 
and experiment in many tests. 

3. In general, the method proposed here for the 
determination of the load necessary to produce a 
given depth of yielding in an eccentrically-loaded 
tension member gave good results. The maximum 
percentage variation between the experimental and 
theoretical loads for half depth yielding was found 
to be: 2% for the T-section, 9% for the angle- 
section rotated clockwise, and 1% for the angle- 
section rotated counterclockwise. The percentage 
variation in the results was more pronounced in 
the determination of the moment corresponding to 
a given load since this value is more sensitive to 
variation in stress-strain properties, cross-section 
dimensions, etc. Some members must be designed 
considering the deformation resulting from a given 
loading. Since the load and moment are related 
through the deflection, the design based on defor- 
mation of necessity will be less precise. 

4. For the conditions studied in the eccentri- 
cally-loaded tension tests, the approximate percent- 
age increase in load-carrying capacity for half 
depth yielding was found to be: 25% for the T- 
section, 80% for the angle-section rotated clock- 
wise, and 60% for the angle-section rotated counter- 
clockwise. The maximum inelastic strain accom- 
panying these increases in load was found to be 
about three times the maximum elastic strain. 

5. In most of the eccentric tensile load tests, 
two specimens were subjected to loading involving 
the smallest eccentricity. For this condition of load- 
ing, small differences in test results would show up 
to a greater extent in the moment-load curves. In 
general, the data indicate very good reproducibility. 

6. The only type of eccentrically-loaded ten- 
sion member which gave consistently bad results 
was the angle-section member bent about the mini- 
mum axis of inertia. This difficulty was believed to 
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be caused by local distortion of the cross-section 
near the grips. 

7. The test results for the eccentrically-loaded 
columns made of the relatively time-insensitive 
aluminum alloys 2024-T4 and 7075-T6 were found 
to corroborate the theory. The data all fell be- 
tween the conservative moment-load curve based 
on the segment of circle approximation and the 
moment-load curve based on the segment of cosine 
curve approximation which was always non-con- 
servative. For large eccentricities, the data fell near 
the curve based on the segment of circle approxi- 
mation, and for small eccentricities, the data fell 
near the cosine curve approximation. 

8. For the six rectangular SAE 1020 steel col- 
umns subjected to sustained loads, the theoretical 
collapse loads were computed using the yield point 
stress obtained from conventional compression and 
tension tests. In all cases, the experimental collapse 
loads fell below the theoretical collapse load based 
on the segment of a circle approximation. Since 
this approximation gives a conservative estimate of 
the collapse load, it can be concluded that the yield 
point stress in members subjected to sustained 
loads is reduced from 5 to 10% below the value 
obtained by standard testing procedures. This is 


the same conclusion which was obtained when 


this material was subjected to sustained loads.“° 


9. Three rectangular steel columns were loaded 
through the inelastic range in time intervals total- 
ing 6, 20, and 82 sec. For the latter two times, the 
rate of straining was comparable to that used in 
conventional tension and compression tests and the 
collapse loads were found to lie between the values 
computed using the two theoretical approximations. 
For the test completed in 6 sec, a higher collapse 
load was obtained. It can be concluded that the 


yield point stress was raised from 5 to 10% above: 


the value obtained from standard tests. 


10. The column data for the time-sensitive type 
304 stainless steel were found to substantiate the 
theory except for those columns tested at small 
initial eccentricities or at large values of the slen- 
derness ratio. Even though the collapse loads were 
in many cases conservative, the experimental 
moment-load curves were nonconservative for elas- 
tic conditions and also for conditions where small 
depths of yielding obtained. Thus, either the stress- 
strain specimens were not tested so as to follow the 
same strain history as the material in the columns 
or because of the variability in stress-strain data 
the appropriate properties were not analyzed. 


— — 


VI. DEFLECTION LINEARITY PROOF 


The purpose of this appendix is to show proof 
that the deflection of an eccentrically-loaded mem- 
ber varies linearly along the straight-line portion 
of a constant depth of yielding interaction curve. 
A member subjected to a compression load P and 
a bending moment M is shown in Fig. 32a. Yielding 
has penetrated to a depth equal to a,, on the com- 
pression side of the member while the strain on 
the tension side of the member is equal to the yield 
strain ¢e.. Thus the depth a of the cross-section is 
elastic. This condition of deformation corresponds to 
point A on the interaction curve shown in Fig. 32b. 

The stress distribution resulting from the load P 
and moment M is SDAFGH. Instead of working 
with this stress distribution it is more convenient to 
_ represent the stress distribution by the rectangular 
distribution DCJH, plus the triangular distribution 
FGJ and minus the triangular distribution FCA. The 
forces represented by these three distributions are 
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(a) Free body diagram 
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where A; and A, are the portions of the area that 
are inelastic and elastic, respectively, and K is the 
ratio of a, to a. The bending moment M, is equal 
to the moment of these three forces about the 
centroidal axis. 


Ma, = Piam + Foan 
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Ma = CE(ea + €2) 
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where C is a constant for a given depth of yielding. 
The curvature of the member corresponding to the 
stress distribution SDAFGH is given by Eq. 31 as 
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(b) Interaction curve 


Fig. 32. Stress Distributions at Various Positions on the Straight Line Portion of the Interaction Curve 
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Comparison of the radii of curvature corresponding 
to points A and B shows that 


1 = Eel == €e2 
Ra 


kh a 


This is the curvature for the member corresponding 


to point A at the end of the straight line portion of 


the interaction curve (see Fig. 32b). For any point 1 

B on the straight line the stress on the tension side Rp _ € 

of the member is given by D-B and is less than 1 €c1 + €c2 
geo. The resulting stress distribution for the same Ra 


depth of yielding is UDBFTH. This distribution is 
represented by the same rectangular distribution 
and two triangular distributions FT/J and FBC. 


But it has been shown that 


Ee = 


C 


The moment arms m and n remain constant and, and 
hence, the following expressions can be written: bee are 
1 E Therefore, 
Fiz Sees A;a,Ko 
2 eA as! Ms, ) 
ore + re Re Ra \Ma 
| y Since the radius of curvature and the deflection 
ie = Fin en = Ea a. nA )e are proportional, the deflection corresponding to 
Ms =CE 2 2 any point B on the straight line portion of the in- 
art ia teraction curve is given by the following relation: 
The curvature corresponding to point B is given by Ms 
the geometry of deformation as (see Eq. 31) bp = 64 Ma 
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